We characterize Carnot groups admitting a -quasiconformal metric inversion as the Lie groups of Heisenberg type whose Lie algebras satisfy the J -condition, thus characterizing a special case of inversion invariant bi-Lipschitz homogeneity. A more general characterization of inversion invariant bi-Lipschitz homogeneity for certain non-fractal metric spaces is also provided.
Introduction
In [8, Theorem 5.1] , the authors characterize the nilpotent components of Iwasawa decompositions of real rank one simple Lie groups by the fact that they are of Heisenberg type and admit certain conformal inversions. The conformal inversions of [8, Theorem 5 .1] generalize the usual Möbius inversions of Euclidean space. Both of these notions of inversion are generalized in turn by the concept of metric inversion as studied in [5] . In the present paper, we study Carnot groups that admit such metric inversions.
The Carnot groups of [8] are equipped with a left-invariant gauge distance that is bi-Lipschitz equivalent to a left-invariant sub-Riemannian (or more generally, sub-Finsler) distance. The study of such left-invariant distances can be generalized by the study of metric spaces that admit a transitive family of uniformly biLipschitz self-homeomorphisms. These spaces are said to be uniformly bi-Lipschitz homogeneous.
The concepts of metric inversion and bi-Lipschitz homogeneity are combined in the notion of inversion invariant bi-Lipschitz homogeneity as studied in [11] and [12] . In particular, [12, Theorem 2.4] demonstrates that certain inversion invariant bi-Lipschitz homogeneous geodesic spaces are bi-Lipschitz equivalent to Carnot groups (cf. [16] , [17] ). However, [12, Theorem 2.4] does not provide a characterization of Carnot groups via inversion invariant bi-Lipschitz homogeneity. Indeed, in light of [8, Theorem 5.1] , the invertibility of a Carnot group appears to be a very restrictive condition. The following theorem identi es the Carnot groups admitting a metric inversion under the additional assumption that the inversion is -quasiconformal (see Section 2 and Section 3 for relevant de nitions).
Theorem 1.1. Suppose G is a sub-Riemannian Carnot group. The group G admits a -quasiconformal metric inversion if and only if it is isomorphic to a generalized Heisenberg group.
While the assumption of -quasiconformality is strong it is not altogether unnatural. Indeed, the inversions of [8, Theorem 5 .1] are -quasiconformal. Furthermore, Theorem 1.1 illustrates a special case of the characterization of conformal maps on Carnot groups recently provided by [10, Theorem 4.1] . One should note, however, that the methods used to prove Theorem 1.1 are somewhat di erent from those implemented in [10] .
In general, metric inversions are K-quasiconformal, with ≤ K < +∞ (see Section 2) . One can obtain an analogue of Theorem 1.1 for general metric inversions if more information is assumed about the Carnot groups in question. In particular, the following fact is contained in recent work of Xiangdong Xie (see [20] , [21] , and [19] Let G be a non-rigid Carnot group that is not contained in one of the three classes listed above. LetĜ denote a metric sphericalization of G (see Section 2) . If follows from the aforementioned work of Xie that any quasiconformal self-homeomorphism f :Ĝ →Ĝ must permute left cosets of certain proper subgroups of G, and therefore must x the point at in nity. Fact 1.2 then follows from the observation that metric inversions do not x the point at in nity.
While Theorem 1.1 falls within the general study of inversion invariant bi-Lipschitz homogeneity, it exhibits a special case of this property in the particular setting of Carnot groups. Note that (non-abelian) Carnot groups are fractal in the sense that their topological and Hausdor dimensions do not agree. When we restrict ourselves to non-fractal metric spaces, we can use recent work of Kinneburg (see [14] ) to obtain the following result.
Theorem 1.3. Suppose X is a proper and connected metric space whose Hausdor and topological dimensions are both equal to n ∈ N. The space X is inversion invariant bi-Lipschitz homogeneous if and only if it is biLipschitz equivalent to R n (when X is unbounded) or S n (when X is bounded).
In fact, an analogue of Theorem 1.3 holds when the Hausdor dimension of X is strictly larger than its topological dimension, but this requires additional assumptions about the one-dimensional metric structure of X (cf. [14, Theorem 1.5]).
Notation and De nitions
Given two numbers A and B, we write A C B to indicate that C − A ≤ B ≤ CA, where C is independent of A and B. When the quantity C is understood or irrelevant, we simply write A B. Given a metric space (X, d), r > , and x ∈ X we write B(x; r) := {y ∈ X : d(x, y) < r} to denote an open ball in X centered at x of radius r. A metric space X is said to be proper if the closures of open balls in X are compact.
Two spaces X and Y are L-bi-Lipschitz equivalent if there exists an L-bi-Lipschitz homeomorphism between the two spaces. A space X is bi-Lipschitz homogeneous if there exists a collection F of bi-Lipschitz self-homeomorphisms of X such that, for every pair x, y ∈ X, there exists f ∈ F with f (x) = y. When every map in F is L-bi-Lipschitz we say that X is L-bi-Lipschitz homogeneous, or uniformly bi-Lipschitz homogeneous when the particular distortion bound is not important.
An
) is a homeomorphism and, for all quadruples x, y, z, w of distinct points in X, we have
When there exists a constant ≤ C < +∞ such that θ(t) = Ct, we say that f is strongly quasimöbius. See [14] for a detailed study of such mappings.
In the present paper, since no other de nition of quasiconformality is used, we drop the quali er 'metrically,' and simply refer to K-quasiconformal mappings.
Given an unbounded metric space (X, d) and a point p ∈ X, we de neX := X ∪ {∞} and Xp := X \ {p}. We say that a homeomorphism φ : Xp → Xp is an L-metric inversion provided that there exists a constant ≤ L < +∞ such that for any x, y ∈ Xp,
.
We extend φ toX by the de nitions φ(∞) := p and φ(p) := ∞. We say that (X, d) admits a metric inversion provided that there exists a point p ∈ X such that an L-metric inversion exists on Xp. We note that the inversions of [8, Theorem 4.2] are -metric inversions. In general, while L-metric inversions are L -quasiconformal, they need not be -quasiconformal. The de nition of metric inversion given above is closely related to the metric inversion described in [5] . In [5] , the authors construct a distance dp onXp such that, for any x, y ∈ Xp,
with obvious analogues when x or y is equal to ∞. They also prove that the identity map from (Xp, d) to (Xp, dp) is t-quasimöbius ([5, Lemma 3.1]) and 1-quasiconformal at non-isolated points ([5, Proposition 4.1]). While the [5] de nition of metric inversion is valid for both bounded and unbounded spaces, if X is an unbounded space admitting an L-metric inversion φ at p, then φ : (Xp, dp)
A related concept is that of metric sphericalization. Again following [5] , the metric sphericalization of an unbounded metric space (X, d) at some basepoint p ∈ X is denoted by (X,dp). Heredp is a distance such that, for any x, y ∈X,
As with metric inversion (see [5, Section 3 .B]), the identity map from (X, d) to (X,dp) is t-quasimöbius and -quasiconformal at non-isolated points. Following [11] and [12] , a metric space (X, d) is inversion invariant bi-Lipschitz homogeneous provided that both (X, d) and (Xp, dp) are uniformly bi-Lipschitz homogeneous. This de nition is independent of p ∈ X, up to a quantitative change in parameters. One can verify that, when (X, d) is unbounded, this de nition is equivalent to the statement that (X, d) is bi-Lipschitz homogeneous and (X, d) admits a metric inversion.
Given a recti ably connected metric measure space and ≤ Q < +∞, we say that X is a Loewner space if there exists a non-increasing function η : ( , +∞) → ( , +∞) such that Mod Q (E, F) ≥ η(t) for any disjoint nondegenerate continua E, F ⊂ X. Here t ≥ dist(E, F)/ min{diam(E), diam(F)} and Mod Q (E, F) denotes the conformal modulus of the family of all curves joining E to F in X (see, for example, [13, Section 2]).
The Loewner condition is often examined in the context of Ahlfors regular metric measure spaces. Given < Q < +∞, a metric space (X, d) with Borel measure µ is Ahlfors Q-regular provided that there exists a constant ≤ C < +∞ such that µ(B(x; r)) C r Q for every x ∈ X and < r ≤ diam(X).
Carnot groups are examples of Ahlfors Q-regular Loewner spaces. A Carnot group G of step n ∈ N is a connected, simply connected, nilpotent Lie group with strati ed Lie algebra Lie( Since the norm on ∆ is left-invariant, for any element g ∈ G, the left translation g (x) := gx is an isometry of (G, d SF ). Sub-Finsler distance is also homogeneous with respect to canonical dilations. For an element
Generalized Heisenberg Groups
Let n denote a Lie algebra endowed with an inner product ·, · and accompanying norm | · |. Suppose that n is either abelian or strati ed of step two. In the step two case, this means that there exist non-trivial complementary orthogonal subspaces v and z such that
The algebra n is of Heisenberg type provided that, for all X ∈ v and Z ∈ z, we have |J Z X| = |Z||X|. Equivalently, J Z = −|Z| I, where I denotes the identity map. Various properties of the map J are documented in [9, Section 2(a)]. A simply connected Lie group is said to be of Heisenberg type if its Lie algebra is of Heisenberg type. Given a Lie algebra n of Heisenberg type, we say that n satis es the J -condition provided that, for any X ∈ v and any two orthogonal elements Z, Z ∈ z, there exists some element Z ∈ z such that J Z J Z X = J Z X. Note that if dim(z) ∈ { , }, this condition is vacuously satis ed.
We say that a Carnot group is a generalized Heisenberg group if it is a Heisenberg group over K, where (here and in the sequel) K denotes either the real numbers R, complex numbers C, quaternions H, or octonians O. These groups are de ned as follows:
• The Heisenberg group over R, or the real Heisenberg group H R , is R n .
• The Heisenberg group over C, or the complex Heisenberg group H C , is the Carnot group with step two real Lie algebra n = v ⊕ z, where v := Span{X i , Y i : ≤ i ≤ n} and z := Span{Z}. Equip n with an inner product such that 
Equip n with an inner product such that
• The Heisenberg group over O, or the octonionic Heisenberg group H O , is the Carnot group with step two real Lie algebra n = v ⊕ z, where v = Span{X i : ≤ i ≤ } and z = Span{Z k : ≤ k ≤ }. Equip n with an inner product such that
Here ε is a completely antisymmetric tensor whose value is + when ijk = , ,
Via exponential coordinates, parameterizations of the groups H K can be obtained as follows:
• When K = R, the abelian group H K is equal to R n .
• When K = C, for each ≤ i ≤ n, identify x i X i + y i Y i with x i e + y i e ∈ C. Here {e , e } is the canonical basis over R for C. Thus Span{X i , Y i : ≤ i ≤ n} is identi ed with C n . Identify zZ with ze ∈ (C).
• Extending the above identi cations by linearity allows us to parameterize
we have (K) = { }, and when K = O we have n = . Let (x, z) = (
Via the Baker-Campbell-Hausdor formula, for points (x, z), (x , z ) ∈ H K , the group law reads as
Let m = dim (K) , so that m ∈ { , , , }. Given a canonical basis element e k ∈ (K), we de ne a map For any Lie algebra n and corresponding simply connected Lie group N of Heisenberg type, one may construct the Lie algebra s := n ⊕ a, where a is a one-dimensional Lie algebra with inner product. Let a be spanned by the unit vector H. The Lie bracket on s is determined by the requirements that [H, X] = X and [H, Z] = Z for any X ∈ v and any Z ∈ z. We extend the inner products on n and a to s by requiring that n is orthogonal to a. Proceeding as in [9, Section 3(a)], one obtains the group S := exp(s) as a semidirect product NA, where A := exp(a). If we parameterize S via v×z×R+ by identifying (X, Z, t) with exp(X +Z) exp(log(t)H) ∈ S, then an element a t = ( , , t) ∈ A ⊂ S acts on n = (X, Z, ) ∈ N ⊂ S by a t (n) = (t / X, tZ, t). By translating the inner product on s, we obtain a left invariant distance on S. One can then proceed to construct the Siegel-type domain
The domain D can be explicitly identi ed with S. When the left-invariant distance on S is pulled back to D via this identi cation, S possesses a simply transitive action on D by a ne transformations (see [9, Section 3(b)]). The group N can be identi ed with the set
Given n = (x, z) = exp(X + Z) ∈ N, write
The function d N (n, n ) := n − n de nes a distance on N that is invariant under left multiplication. Furthemore, the action of A extends to ∂D such that for any n, n ∈ N and a t ∈ A,
When N = H K , the geometry of D is identi ed by the following result ( [8] , [9] , [1, Theorem 4.1.9.A]).
Fact 3.1. Suppose that D is the Siegel-type domain associated to a Lie algebra n = v ⊕ z of Heisenberg type. Let m := dim(z). The algebra n satis es the J -condition if and only if (m = ) the space D is isometric to real hyperbolic space. (m = ) the space D is isometric to complex hyperbolic space. (m = ) the space D is isometric to quaternionic hyperbolic space. (m = ) the space D is isometric to octonionic hyperbolic space.

In particular, n satis es the J -condition if and only if exp(n) is isomorphic to H K .
Assume N = H K , and let G K denote the isometry group of D. Then H K AK is an Iwasawa decomposition of G K , where K is the stabilizer of ( , , ) ∈ D and A is as above. Writing M to denote the centralizer of A in K, [9, Theorem 7 .4] provides the Bruhat decomposition
Here σ is the geodesic inversion of D described in [9, Section 3(c)]. Via an appropriate Cayley transformation C, the domain D can be identi ed with the unit ball B ⊂ v⊕z⊕a. This Cayley transformation C : D → B can be continuously extended to a homeomorphism between the one point compacti cation of D ∪ ∂D and the closed unit ball B, where C( , , ) = ( , , ) and C(∞) = ( , , − ). Via this identi cation, the action of G K can be continuously extended to B. The stabilizer of ( , , − ) ∈ ∂B is H K AM (see the proof of [9, Theorem 7.4]). The stabilizer of both ( , , ) and ( , , − ) is AM. In this way we can view G K as a group acting onĤ K = ∂B. The subgroup H K AM xes the point at in nity ∞ ∈Ĥ K , and the subgroup AM xes both the identity element e ∈ H K and ∞ ∈Ĥ K .
Preliminary Facts and Lemmas
The following fact is a special case of [15, Theorem 3.3] .
Fact 4.1. Let G denote a group acting e ectively and 2-transitively on a topological sphere. If G is locally compact and σ-compact, then the identity component of G is a simple Lie group isomorphic to either G K (when
The following technical lemmas will allow us to apply Fact 4.1 to prove Theorem 1.1. We say that a result is quantitative provided that the parameters pertaining to the conclusion of a statement quantitatively depend on the parameters pertaining to the assumptions.
Lemma 4.2. Suppose (X, d) is a locally compact, Ahlfors Q-regular, and Loewner metric space.
For any p ∈ X, the spaces (Xp, dp) and (X,dp) are quantitatively Ahlfors Q-regular and Loewner, with parameters independent of p.
Proof. Since metric sphericalization is quasimöbius with parameters independent of p (see [5, Section 3] 
Lemma 4.3. Suppose (X, d) is an unbounded, proper, Loewner, and inversion invariant bi-Lipchitz homogeneous metric space that is homeomorphic to R n (n ≥ ). Fix a point p ∈ X. If F is a family of self-
homeomorphisms of (X,dp) such that every f ∈ F is a homeomorphism from
is -quasiconformal except on a nite set, then the group G generated by F consists of uniformly θ-quasimöbius self-homeomorphisms of (X,dp), where θ is determined only by the constants associated with (X, d).
Proof. , d) is θ -quasimöbius. Finally, since the identity map (X, d) → (X,dp) is t-quasimöbius, continuity again allows us to conclude that g is a θ-quasimöbius self-homeomorphism of (X,dp), where θ is determined only by the constants associated with (X, d).
Lemma 4.4. Suppose X is a compact metric space and G ⊂ C(X, X) is a group of uniformly quasimöbius selfhomeomorphisms. The closure of G is locally compact and σ-compact in the topology of uniform convergence.
Proof. Let X denote the space of ordered triples from X endowed with the product distance. Since X is compact, X is separable. Let {T i } denote a countable dense subset of X , where • Assume that x = y (and so x = y ). If both points x and x are nite, then replace φx and φ x with the identity map on G. If x and/or x is the point at in nity, then replace φx and/or φ x , respectively, with the identity map and replace z with the identity map.
In either case we have g(x) = x and g(y) = y . Furthermore, g is a homeomorphism from ( Given t > , the map ψ(δ t ) ∈ G
• K xes the set {e, ∞}. Therefore, ψ(δ t ) ∈ AM. It follows that there exists a s(t) ∈ A and m t ∈ M such that ψ(δ t ) = a s(t) m t . Here s : R+ → R+ is a function such that, for any s, r ∈ R+, we have s(rt) = s(r)s(t). Since, for any x ∈ G, we have F(δr(x)) = ψ(δr) (F(x) ), it also follows that lim t→+∞ s(t) = +∞. Since A commutes with M, we note that ψ(δ
Given g ∈ G, the map ψ( g ) xes the point at in nity inĤ K . Therefore, ψ( g ) ∈ H K AM, and there exist h ∈ H K , ar ∈ A, and m ∈ M such that ψ( g ) = h arm. Combining this with the previous paragraph, we have In order to prove the reverse implication, suppose G is a generalized Heisenberg group equipped with a sub-Riemannian distance. Due to the comparability of the sub-Riemannian distance with the distance given by (3.1), by [8, Theorem 4.2] , the map σ satis es the de nition of a metric inversion and is quasiconformal on Ge. By (the proof of) [8, Theorem 5 .1] the Riemannian di erential of σ, when restricted to the horizontal distribution, is the composition of a dilation and an isometry at every point in Ge. It then follows from [7, Lemma 3.4 and Corollary 7.2] that the map σ is -quasiconformal on Ge.
The above proof can be compared with the methods appearing in [6] . In [6] , the ideal boundaries of rank one symmetric spaces are characterized via the notion of space inversions. Such inversions are Möbius involutions that satisfy several additional properties related to the Möbius structure of a metric space. While metric inversions on a bi-Lipschitz homogeneous space can be used to construct analogues to space inversions, such constructions need not possess all the properties required to apply the innovative techniques behind the proof of [6, Theorem 1.1].
Proof of Theorem 1.3. This result is obtained by combining results from [3] , [14] , and [12] . We rst consider the case that (X, d) is unbounded. Suppose (X, d) is inversion invariant bi-Lipschitz homogeneous with respect to a collection of uniformly L-bi-Lipschitz self-homeomorphisms F and an L-metric inversion φ based at some point p ∈ X. It follows from [12, Theorem 2.7] that (X, d) is doubling. Therefore, by [11, Theorem 1.1], (X, d) is Ahlfors n-regular. As noted in [11, Fact 4 .1], for any point q ∈ X, the sphericalized space (X,dq) is also Ahlfors n-regular, with regularity constant depending only on the doubling and homogeneity constants for (X, d).
Fix q ∈ X and set δ := ( L M( + M)) − , where ≤ M < +∞ is the quasi-self-similarity constant given by [12, Theorem 2.7] . Note that M depends only on L. Let {x , x , x } denote a triple of distinct points inX. We claim that there exists a strongly quasimöbius homeomorphism g : (X,dq) → (X,dq) such that, for i ≠ j, we havedq(g(x i ), g(x j )) ≥ δ. When x ≠ ∞, there exists f ∈ F such that f (x ) = p. When x = ∞, set f := φ. 
dy(h(y), h(z)) ≥ · d(h(y), h(z)) + d(h(y), h(z))
We also nd that
dy(h(∞), h(z)) =dy(∞, h(z)) ≥ · + d(h(y), h(z)) ≥ · + MC d(y, z) = ( + M) .
Finally, we note thatdy(y, ∞) ≥ / . Therefore, h • φ • f maps {x , x , x } to a ( M( + M)) − separated triple in (X,dy). By [5, Lemma 3.2] , there exists a L -bi-Lipschitz homeomorphism k : (X,dy) → (X,dq). Therefore, for any triple of distinct points {x , x , x } ⊂ (X,dq), there exists a map of the form g = k • h • φ • f such that g is a Kt-quasimöbius self-homeomorphism of (X,dq) that maps {x , x , x } to a δ-separated triple. To nish the proof, we consider the case that (X, d) is bounded. Given any point p ∈ X, the space (Xp, dp) is unbounded and remains proper, connected, and inversion invariant bi-Lipschitz homogeneous. To verify that (Xp, dp) remains inversion invariant bi-Lipschitz homogeneous, note that the metric inversion of (Xp, dp) at any point q ∈ Xp is bi-Lipschitz equivalent to (Xq, dq) via the identity map. We conclude as above that (Xp, dp) is bi-Lipschitz equivalent to R n . By [5, Lemma 3.2 and Proposition 3.5], (X, d) is bi-Lipschitz equivalent to S n .
